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, Abstract. We prove a sharp lower bound on the curvatures of non-flat ASD connections 

CSJ I over the cyhnder. 
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^ ■ 1. Introduction 

^ ■ The purpose of this note is to calculate explicitly a universal lower bound on the 

Q ' curvatures of non-flat ASD connections over the cylinder R x S''^. 

^ ' First we fix our conventions. Let = {xf + + + xf = 1} C be the 3- 

I sphere equipped with the Riemannian metric induced by the Euclidean metric on M . Set 
X := W X . We give the standard metric on M, and X is equipped with the product 
metric. 

>■ ! Let EI be the space of quaternions. Consider SU{2) = {x E M.\ \x\ = 1} with the 

Riemannian metric induced by the Euclidean metric on H. (Hence it is isometric to 
above.) We naturally identify su{2) := TiSU{2) with the imaginary part ImH : = 
^ ■ Mi + Rj + M.k. Here i, j and k have length L 
O ■ Let E := X X SU{2) be the product 5'[/(2)-bundle. Let A be a connection on E, and 

let Fa be its curvature. Fa is a SM(2)-valued 2-form on X. Hence for each point p E X 
the curvature Fa can be considered linear map 

Fa,p : A\TpX) ^ su{2). 

We denote by |-F4,p|op the operator norm of this linear map. The explicit formula is 
as follows: Let xi,X2,X3,Xi be the normal coordinate system on X centered at p. Let 
A = J2t=i Aidxi. Each Ai is a sM(2)-valued function. Then F{A)ij := FA{d/dxi, d/dxj) = 
diAj — djAi + [Ai, Aj]. Since d/dxi A d/dxj (1 < i < j < 4) become a orthonormal basis 
of A^(TX) at p, the norm l-F^^plop is equal to 



X 



l<i<j<4 



aij G R, ^ 

i<«<i<4 



sup 

Let ||-Fa||op be the supremum of |-Fyi,p|op over p E X. The main result is the following. 
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Theorem 1.1. The minimum of\\FA\\^p over non-flat ASD connections A on E is equal 
to 1/v^. 

The above minimum value 1/a/2 is attained by the following BPST instanton ([1]). 
Example 1.2. We define a SU{2) instanton A on by 

A := Im f 7-^n~l9 ] ' {x = Xi + X2i + Xsj + x^k). 



1 + \x\ 
By the conformal map 

Rx53^R^\{o}, {t,e)^e'e, 

the connection A is transformed into an ASD connection A' on E over M x S''^. Then 

\F I - 



Hence 

1 

NOP ^2 



Theorem 11.11 is a Yang-Mills analogy of the classical result of Lehto [TJ Theorem 1] in 
complex analysis. (The formulation below is due to Eremenko [1] Theorem 3.2]. See also 
Lehto- Virtanen [HI Theorem 1].) 

Consider C* := C \ {0} with the length element We give a metric on CP^ = 

C U {oo} by (naturally) identifying it with the unit 2-sphere {x1 + x^ + x^ = 1}. For a 
map / : C* — 7- CP^ we denote its Lipschitz constant by Lip(/). 

Then Lehto [7[ Theorem 1] proved that the minimum of Lip(/) over non-constant 
holomorphic maps / : C* — ?► CP^ is equal to 1. The function f[z) = z attains the 
minimum. 

Eremenko [H Section 3] discussed the relation between this Lehto's result and a quan- 
titative homotopy argument of Gromov P, Chapter 2, 2.12. Proposition]. Our proof of 
Theorem 11.11 is inspired by this idea. 



2. Preliminaries: Connections over S'^ 

In this section we study the method of choosing good gauges for some connections over 
5^. The argument below is a careful study of [5, pp. 146-148]. Set N := (1,0,0,0) G 
and S := (-1,0,0,0) G S^. Let P ■= x SU{2) be the product 5f/(2)-bundle over 
5*^. For a connection B on P we define the operator norm ||-Fb||op in the same way as in 
Section [H 

Let vi,V2 G T^S^ be two unit tangent vectors at A^. (|fi| = \v2\ = 1.) Let exp^y : 
TnS^ — 7- be the exponential map at A^. Since |fi| = \v2\ = 1, we have exp^(7rt>i) = 
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expjY(7rt>2) = S. We define a loop I : [0, 27r] — )• 5*^ by 



lit) 



exp^(tt>i) (0 < t < vr) 

exp^((27r - t)v2) {n <t<2n). 



Lemma 2.1. Let B be a connection on P. Let B.o\i{B) G SU{2) he the holonomy of B 
along the loop I. Then 

(i(HolK5),l) <27r \\Fb\1^. 
Here d{-, ■) is the distance on SU{2) defined by the Riemannian metric. 

Proof. This follows from the standard fact that curvature is an infinitesimal holonomy [31 
p. 36]. (27r is half the area of the unit 2-sphere.) The explicit proof is as follows: Take 
a unit tangent vector G T]\rS^ orthogonal to f i such that there is a G [0, vr] satisfying 
V2 = vi COS a + f3 sin a. Consider (the spherical polar coordinate of the totally geodesic 
C tangent to Vi and fs): 

$ : [0,a] X [0,7r] S^, (6*1, 6*2) ^ expj^{92{vicos9i + W3sin6'i)}. 

Let Q be the pull-back of the bundle P by $. Since $([0,a] x {0}) = {N} and 
$([0,a] X {vr}) = {S}, Q admits a trivialization under which the pull-back connection 
is expressed as $*5 = BidOi + B262 with 5i = on [0, a] x {0, vr}. 
We take a smooth map g : [0, a] x [0, n] — )■ SU{2) satisfying 

(7(^1,0) = ! (V^iG[0,«]), {d2 + B2)g = Q. 

We have Holi(5) = g{a, 7r)-i^(0, vr). Then ^2)^ = [d^ + Bi, 82 + ^2]^ = -(^2 + 

B2){di + Bi)g. Since 5i = on [0, a] x {0, tt}, 



|5i(7(^i,vr)| < f \F^,B{di,d2)\d92. 



'{ei}x[0,7r] 

Then 

rf(HolK5), 1) = rf((7(0, vr), tt)) < I 92)M^iC?^2. 

./[0,a]x[0,7r] 

i^$'B(<9i,92) = FB(ci$(a/a0i),d$ ((9/(9^2)). The vectors d^^d/dOi) and rf<l>(9/9^2) are or- 
thogonal to each other, and \d<^{d / d9i)\ = sin 6*2 and \d^{d / d92)\ = 1. Hence |-F$*b((9i, (92)| < 
||Fb||qp sin 6*2. Thus, from < a < vr. 



d(HolK5),l) < IIFbILp / sine2rfM^2 = 2a||FB||,p<27r||FB||„p, 

^[0,o]x[0,7r] 



□ 



Let r < 1/2. Let S be a connection on P satisfying ||-Fb||op < t. We will construct a 
good connection matrix of B. 
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Fix V G TjyS^. By the parallel translation along the geodesic exp^(tv) (0 < t < vr) we 
identify the fiber Ps with the fiber P^. Let gjy and gs be the exponential gauges (see [51 
p. 146] or [31 p. 54]) centered at and 5* respectively: 

9n ■■ PW^\{S} ^ {S' \ {S}) X P^, gs : P^mn} -> (5=^ \ {N}) x P^. 

(In the definition of (^g we identify P5 with P/v as in the above.) By Lemma 12.1^ for 
X e S^\{N,S}, 

d{gN{x),gs{x)) < 2-n \Fb\\^^ < 2nT < n. 

The injectivity radius of SU{2) = S''^ is vr (this is a crucial point of the argument). Hence 
there uniquely exists u{x) G adP/v(= 5^(2)) satisfying 

|u(a;)| <27r||PB||op, ^7s(x) = e^(^W(a;). 

We take and fix a cut-off function ip : S'^ ^ [0, 1] such that V9(xi, X2, X3, X4) is equal to 
over {xi > 1/2} and equal to 1 over {xi < —1/2}. We can define a bundle trivialization 
g of P all over hj g := e^'^^gN Then the connection matrix g{B) satisfies 

\9iB)\<C,\\Fnl^. 

Here Cr is a positive constant depending on r. 

3. Proof of Theorem 11.11 

In this section we denote by t the standard coordinate of M. Let A be an ASD connection 
on E satisfying ||Pa|Iop < 1/v^- We will prove that A must be fiat. Set r := fPyiiop / < 
1/2. 

The ASD equation implies that P^ has the following form: 

Fa = -dt A (*3i^(^lmx53)) + P(A||,}x53), 

where y4|{t}x53 is the restriction of A to {t} x and *3 is the Hodge star on {t} x S^. 
Hence 

\FA,{tfi)\op = V^|P(v4|{j}xS3)6»|op- 

Therefore 

||P(A|{,}x53)|Lp<r<i (VtGM). 

Thus we can apply the construction of Section [2] to A\i^t}xs'^- 

Fix a bundle trivialization of E over M x {A^}. (Any choice will do.) Then the con- 
struction in Section |2] gives a bundle trivialization g of E over X satisfying 

|^?(^)|WX53| < a ||P(A||i|xS3)|Lp (Vt G R). 

Set A' := (7(^4). We consider the Chern-Simons functional 

cs{A') ■=ti{A'AFA' - ^A'^). 
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For > 

/ \FA\^dYo\ = [ cs{A') - [ cs{A') 

(^l-^ J[-R,R]xS'i J{R}xS^ J{-R}xS^ 

< const, (^||F(A|{^}x53)||„p + ||F(A||_^}x53) 

||F(A||_|_/j}xs'3) are bounded as i? — )■ +00. Thus 

|FA|^(ivol < +00. 

X 

This imphes that the curvature has an exponential decay at the ends (see [21 Theorem 
4.2]). In particular 

By the above ([1]) 

/ |F^prfvol = 0. 
Jx 

This shows F^ = 0. So A is fiat. 
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